Abstract. We classify singular fibres over general points of the discriminant locus of projective complex Lagrangian fibrations on 4-dimensional holomorphic symplectic manifolds. The singular fibre F is the following either one: F is isomorphic to the product of an elliptic curve and a Kodaira singular fibre up to finite unramified covering or F is a normal crossing variety consisting of several copies of a minimal elliptic ruled surface of which the dual graph is Dynkin diagram of type A n ,Ã nDn or D n .
Introduction
First we define complex Lagrangian fibration.
Definition 1. Let (X, ω) be a Kähler manifold with a holomorhpic symplectic two form ω and S a smooth manifold. A proper flat surjective morphism f : X → S is said to be a complex Lagrangian fibration if a general fibre F of f is a Lagrangian
submanifold with respect to ω, that is, the restriction of 2-form ω| F is identically zero and dim F = (1/2) dim X.
Remark.
A general fibre F of a complex Lagrangian fibration is a complex torus by Leauville's theorem.
The plainest example of a complex Lagrangian fibration is an elliptic fibration of K3 surface over P 1 . In higher dimension, such a fibre space naturally occurs on a fiber space of an irreducible symplectic manifold ( [7, Theorem 2] and [8, Theorem 1] ). When the dimension of fibre is one, a complex Lagrangian fibration is a minimal elliptic fibration and whose singular fibre is completely classified by Kodaira [4, Theorem 6.2] . In this note, we investigate singular fibres of a projective complex Lagrangian fibration whose fibre is 2-dimensional. (2) .
Let S be a K3 surface and π : S → P 1 an elliptic fibration. The induced morhpism f : Hilb 2 S → P 2 gives examples of singular fibres above except whose dual graphs are A n or D n . The author does not know whether a normal crossing variety whose dual graph is A n or D n occur as a singular fibre of a fibre space of an irreducible symplectic manifold.
This paper is organized as follows. In section 2, we set up the proof of Theorem 1. The key proposition is stated and proved in section 3. Section 4 and 5 are devoted to the proof of Theorem 1.
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Preliminary
(2.1) In this section, we collect definitions and some fundamental materials which are necessary for the proof of Theorem 1. 
(2.2) We refer the fundamental properties of an abelian fibration.
Lemma 1. Let f : (X, ω) → S be a projective complex Lagrangian fibration.
(1) The discriminant locus of f is pure codimension one.
(2) Let F be an irreducible component of a fibre of f and j :F → F a resolution of F . Then j * (ω| F ) = 0.
Proof.
(1) Let h : A → ∆ 2 be a projective flat morphism over a two dimensional polydisk. Assume that a general fibre of h is an abelian variety and h is smooth over ∆ 2 \ 0. For the proof of Lemma 1 (1), it is enough to prove that h is smooth morphism. Let 
Since F andF is birational, j * ω = 0 onF .
(2.3)
We review basic properties of the mixed hodge structure on a simple normal crossing variety.
Lemma 2. Let X := X i be a simple normal crossing variety. Then
Proof. Let
For an index set
We consider the following spectral sequence [3, Chapter 4]:
where
is defined by the
Since this spectral sequence degenerates at E 2 level ([3, 4.8]), we deduce
Thus we obtain the assertion of Lemma 2 from the definition of D 2 . 2 Lemma 3. Let f : X ′ → X be a birational morphism between smooth algebraic varieties. Assume the following two conditions:
Proof.
We consider the following exact sequence of morphisms of Mixed Hodge structures.
Note that each morphism has weight (0, 0). Since H i (X, C) carries pure Hodge structure of weight i, α and β are 0-map. Moreover
Thus we deduce that 
We take an open set U of S which satisfies the following two conditions:
[k] → D| U is a smooth morphism for every k.
We consider the following exact sequences:
Lemma 1 (2), the restriction of ω on every irreducible component of a fibre of f is zero. Thus ν
by the construction. By Lemma 2, we deduce that [5, Theorem 3-1-2] Then k is projective, K is the unique relative minimal model and every birational map K K is birational morphism. Thus we will prove that A is k-nef. Since every big divisor on abelian surface is ample, A is k-nef if K is of type I. In the case that K is of type II, we investigate the nef cone of each component of the central fibre of K. Let V be a component of the central fibre. Then K V ∼ −2e, where e is a double curve. Since e is a section and e 2 = 0, the nef cone of V is spaned by e and a fibre l of the ruling of V . We deduce that every effective divisor on V is nef. Therefore A is k-nef in the case that K is of type II. 
due to Lemma 3 and
Thus K is of type I or type II. Let G be the galois group of a cyclic extension K(T ′ )/K(T ) and g a generator of G. Since k is birational to t ′ , there exists a biratinal map Φ g : K K correponding to g. By Lemma 5, Φ g is a birational morphism and G acts on K holomorphically. Therefore T is birational to the quotient K/G. We claim that
zero G-equivariant element. Thus there exists a nonzero G-equivariant element in 
Proposition 2. Let t : T → ∆ 1 be an abelian fibration which is birational to the quotient of a Kulikov model K of type I by a cyclic group G. Assume that
(1) T is smooth.
Then the representation ρ : 
Proof.
Since K 0 is an abelian surface, it is enough to prove that K 0 admits a G-equivariant fibration. Let g be a generator of G. We consider the following morphism:
Since G is a cyclic group, the kernel of id − g * is G-invariant. Moreover this kernel is nonzero by Proposition 1. Therefore H 1 (K 0 , C) has a G-equivariant sub Hodge structure and we conclude that K 0 admits a G-equivariant fibration.
(4.3) Proof of Proposition 6.
We will construct a suitable resolution Z of K/G and the unique relative minimal model W of Z over ∆ 1 . By Lemma 6, there exists a G-equivariant elliptic fibration on the central fibre K 0 of K. We denote this fibration by π : K 0 → C. By construction, the action of G on C is translation. Let H be the kernel of the representation ρ : G → AutH 1 (K 0 , C). Since the action of H on K 0 is a translation, K/H is smooth. It is enough to consider the action of G/H on K/H for the investigation of the singularities of K/G. If the action of G/H on C/H is translation, then K/G is smooth. Moreover K/G is the unique relative minimal model over ∆ 1 since it has no rational curves. On the contrary, T is a relative minimal model over ∆ 1 , T ∼ = K/G. By construction, the central fibre of the quotient K/G is an hyperelliptic surface. Since every hyperelliptic surface is theétale quotient of the product of elliptic curves, T 0 ∼ = (K/G) 0 satisfies the property of Theorem 1. We claim that the representation ρ :
In the following, we assume that the action of G/H on C/H is trivial. Since π : K 0 → C/H is G/H-equivariant, the singularites of K/G consists of several copies the product of a surface quotient singularity and an elliptic curve. The list of surface quotient singularities which occur above is found in [1, Note that the fibre of W 0 → C/H is a Kodaira singular fiber of type I * 0 , II, II * , III, III * , IV or IV * . Since SingW 0 forms multi sections of W 0 → C/H, there exists anétale finite coverC → C/H and the base change W 0 × C/HC is isomorphic to the product of a Kodaira singular fibre and an elliptic curve. Finally, we prove that the representation ρ : G → AutH 1 (K 0 , C) is faithful. We derive a contradiction assuming that H is not trivial. If W = Z, then there exists a morphism η :
and K W ∼ 0, that is a contradiction. If W ∼ = Z we consider the base change 
by F the central fibre of k/H with reduced structure. Note that (k/H)
where m is the order of H. Then
By adjunction formula, 
Then the representation ρ : (1) The representation σ :
(
2) The action of H is free and the central fibre of the quotient K/H is a cycle of mininal elliptic ruled surfaces.
(1) By Proposition 3, there exists a G-equivariant element in surface V which has a section e such that K V ∼ −2e and e 2 = 0. Thus we show that T ∼ = K/G by similar argument as in the proof of Lemma 5. We claim that the representation ρ :
Since Γ is a Dynkin diagram of typeÃ n and G is a cyclic group, the action of G on Γ is either rotation or reflection.
(1) If the action of G on Γ is rotation, the central fibre of K/G is a cycle of minimal elliptic ruled surfaces. Each double curve is a section of a minimal elliptic ruled surface. 
Therefore, the double curve V ∩ V ′ is a bisection of the ruling of V . Every other double curve is a section. W is A n , D n orD n . The double curve on the edge component is a bisection or a section. Every other double curve is section. We claim that the representation
If the action of G on Γ is rotation, there exists no fixed points. Thus the action of G on Γ is reflection. We derive the contradiction assuming that G fixes one of edges of Γ. Let C be the elliptic curve corresponding to the edge which is fixed by G. From Lemma 2 and Lemma 7, the action of G on C preserves holomorphic one form on C. Therefore C is fixed locus of the action of G. The singularities of the quotient K/G consist of several copies of the product of A 1 singularity and an elliptic curve. Let w : W → K/G be the blowing up along C. We denote by V i each components of W 0 . Let V 0 be the exceptional divisor coming from the blowing up along C. Since the central fibre W 0 of W is a chain of minimal ellitic ruled surfaces, there exists componets V 1 and V 2 such that V 0 ∩ V 1 = ∅, V 2 ∩ V 1 = ∅ and V i ∩ V j = ∅ (i = 0, 1, 2, j = 0, 1, 2). Then W 0 = V 0 + 2V 1 + 2V 2 + (Other component). Since W is smooth along V 1 ,
by adjunction formula. Let l be a fibre of ruling of V 1 . Then
Since every double curve of W 0 is a section, deg K l = −3/2. However this is a contradiction because l ∼ = P 1 . Therefore G fixes two vertices. Let V be one of the component correponding to the fixed vertices and π : V → C the ruling of V . Since C is an elliptic curve and every fibre π is P 1 , π is G-equivariant. By Lemma 7 (1), the action of G on V preserves one form on V . Since the action of G is not free, G acts on C tirivially. There exist two fixed points on each fibre of the ruling of V . Thus we obtain the rest of assertion of Lemma 7. We take a general point x of the discriminant locus of f and an unit disk x ∈ ∆ 1 such that T := X × S ∆ 1 is smooth. By 
